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Atomically-thin magnetic crystals have been recently isolated experimentally, greatly expanding
the family of two-dimensional materials. In this Article we present an extensive comparative analysis
of the electronic and magnetic properties of Cr2Ge2Te6, based on density functional theory (DFT).
We first show that the often-used DFT+U approaches fail in predicting the ground-state properties
of this material in both its monolayer and bilayer forms, and even more spectacularly in its bulk
form. In the latter case, the fundamental gap decreases by increasing the Hubbard-U parameter,
eventually leading to a metallic ground state for physically relevant values of U , in stark contrast
with experimental data. On the contrary, the use of hybrid functionals, which naturally take into
account nonlocal exchange interactions between all orbitals, yields good account of the available
ARPES experimental data. We then calculate all the relevant exchange couplings (and the magneto-
crystalline anisotropy energy) for monolayer, bilayer, and bulk Cr2Ge2Te6 with a hybrid functional,
with super-cells containing up to 270 atoms, commenting on existing calculations with much smaller
super-cell sizes. In the case of bilayer Cr2Ge2Te6, we show that two distinct intra-layer second-
neighbor exchange couplings emerge, a result which, to the best of our knowledge, has not been
noticed in the literature.
I. INTRODUCTION
The family of two-dimensional (2D) materials
beyond graphene is now very large1,2 and con-
tains also magnetic crystals3–5, notably Cr2Ge2Te6
6–8,
CrI3
9–19, VSe2
20, Fe3GeTe2
21–24, FePS3
25,26, MnSe2
27,
CrBr3
8,28,29, CrCl3
30, and GdTe3
31.
The atomic nature of these materials is obviously
rather complex and a microscopic understanding of their
ground-state properties requires massive use of ab initio
theories, especially density-functional theory (DFT)32.
In the context of few-layer magnetic crystals, the great-
est deal of efforts has been devoted to the study of
CrI3
10,33–53, while Cr2Ge2Te6 appears to be less stud-
ied6,7,45,55–63 and rich in controversial findings, as we dis-
cuss below.
In this work we therefore focus our attention on
Cr2Ge2Te6. Bulk Cr2Ge2Te6 is a ferromagnetic semicon-
ductor64,65 below a Curie temperature TC ∼ 60 K, with
an out-of-plane magnetic easy axis and negligible coer-
civity. Scanning magneto-optical Kerr microscopy has
been carried out6 in bilayer Cr2Ge2Te6, revealing ferro-
magnetic order below TC ∼ 30 K. Electric-field control of
the magnetization direction has been demonstrated7 in
field-effect transistors made of Cr2Ge2Te6, with variable
thicknesses in the range 3.5-20 nm. Ballistic Hall micro-
magnetometry66,67 has finally been applied to six-layer
Cr2Ge2Te6 to study the temperature dependence of the
magnetization—see Supplementary Figure S4 of Ref. 8.
Widely used approximations for the exchange and cor-
relation (xc) energy functional in DFT, mainly based on
parametrizations of the xc energy of the homogeneous
electron gas32, miss important features of the physical
properties of these magnetic materials. For instance,
both the local spin-density approximation (LSDA) and
the spin-polarized generalized gradient approximation
(spGGA) fail in describing the insulating behavior of
systems with strongly localized and thus, correlated, va-
lence electrons. Leaving aside the well-known “gap prob-
lem”32, these approximations often produce a qualita-
tively wrong ground state. Due to their moderate compu-
tational cost and the ability to capture correlation effects,
the Hubbard-corrected LSDA (“LDA +U”) and spGGA
(“GGA+U”) approximations68–71 have been extensively
used.
Many authors6,7,45,55,56,58–61,63 studied the electronic
and magnetic properties of Cr2Ge2Te6 using the LDA +
U/GGA + U approximations in order to deal with elec-
trons belonging to the semi-filled 3d orbitals of Cr. The
main objection we raise to these approaches is that strong
hybridization between Cr d and Te p orbitals pushes
Cr2Ge2Te6 away from the atomic limit, invalidating the
use of Hubbard-type descriptions. Moreover, we recall
that arbitrary choices of the Hubbard-U parameter have
been criticized in the literature72–75, where it has been
shown that U is an intrinsic response property which
should be calculated self-consistently.
A few calculations55,57,59,60,62 have also been car-
ried out using hybrid functionals, which mix the lo-
cal (or semi-local) DFT exchange with the exact non-
local Hartree-Fock (HF) exchange, to treat inaccura-
cies of the LDA/GGA approximations. However, none
of these studies compared results obtained by using
different approaches, highlighting the criticality of the
LDA+U/GGA+U approximations for this specific mag-
netic material.
In this Article we instead present a DFT study of the
ground state properties of Cr2Ge2Te6, comparing the re-
sults obtained in the GGA + U approximation (in both
its non-self-consistent and self-consistent versions) with
those obtained via the use of a hybrid functional.
In order to understand the microscopic properties of
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2magnetic materials it is crucial to derive effective spin
models—such as the Heisenberg Hamiltonian76,77—from
ab initio calculations. Lichtenstein et al.78 (LKAG) in-
troduced a rigorous approach to evaluate the exchange
couplings of the Heisenberg model from ab initio calcula-
tions. These parameters strongly depend on the local
environment around a magnetic ion, such as the spin
configuration itself, especially in metals and small-gap
semiconductors where the spin density is weakly inho-
mogeneous. In the LKAG approach78, the exchange pa-
rameters are determined by studying the total energy
variation with respect to small deviations of the magnetic
moments of interest from the ground-state magnetic con-
figuration. It relies on the application of the Andersen’s
“local force theorems”79,80, which ensure its validity even
in the aforementioned complex cases.
Applying the theory of Ref. 78 in full glory is however
computationally demanding and therefore approximate
approaches are often used. (For recent work utilizing
the LKAG approach in combination with the LSDA and
spGGA on bulk CrCl3 and CrI3 see e.g. Ref. 81.) These
need to be handled with great care. In particular, the
exchange coupling parameters and magneto-crystalline
anisotropy of few-layer and bulk Cr2Ge2Te6 have been
calculated by DFT methods using two of such approxi-
mate methods:
i) One, which will be dubbed below “FM-AFM”
approach, relies on calculating the difference between
the total energies of the ferromagnetic (FM) and anti-
ferromagnetic (AFM) configurations. The FM-AFM ap-
proach was used by the authors of Refs. 55, 57, and
61 to calculate the intra-layer nearest-neighbor exchange
couplings. Similarly, the authors of Refs. 56 and 59
used the same approach but calculated exchange cou-
plings up to third-neighbors. The fact that such cou-
plings are important is deduced from inelastic neutron
scattering measurements of spin waves in MnPS3
82 and
FePS3
83. The authors of Ref. 59 evaluated also the
nearest-neighbor inter-layer exchange coupling in few-
layer and bulk Cr2Ge2Te6.
The evaluation of the exchange couplings via the FM-
AFM approach is not justified78 when the ground-state
spin density is weakly inhomogeneous and the depen-
dence of the exchange couplings on the magnetic config-
uration is strong, as in the case of metals and small-gap
semiconductors.
ii) Another method, dubbed below “four-state map-
ping analysis” (FSMA)84–86, also relies on total-energy
calculations but focuses only on the spin configurations
of the two ions “linked” by the exchange coupling of
interest, leaving all the other ions in the ground-state
configuration. The FSMA approach has been used for
Cr2Ge2Te6 by the authors of Refs. 6, 45, and 58. Xu et
al.45 used the FSMA approach to study the intra-layer
exchange couplings between nearest-neighbor Cr atoms
in monolayer Cr2Ge2Te6. The same method has been
used by the authors of Refs. 6 and 58 to evaluate the
intra- and inter-layer exchange couplings up to third-
neighbors for bulk Cr2Ge2Te6. While the FSMA method
is a good compromise between the rigor of the LKAG ap-
proach and computational feasibility, it is very sensitive
to the super-cell size. In Ref. 45 a 2 × 2 super-cell was
used, while in Refs. 6 and 58 super-cells up to dimension
2
√
3×2×1 were used. Below, we demonstrate that such
super-cell dimensions do not give converged values of the
exchange coupling parameters.
Finally, we show that bilayer Cr2Ge2Te6 displays two
inequivalent Cr atoms, a fact that leads to the existence
of two distinct intra-layer second-neighbor exchange cou-
plings, Ja2 and J
b
2 . To the best of our knowledge, this has
not been noticed in the literature.
This Article is organized as following. In Sect. II
we present the geometrical structure of Cr2Ge2Te6
(Sect. II B) and the theoretical methods (Sect. II A)
that we have used to compute the electronic properties
of this material both in the few-layer and bulk cases.
In Sect. III we present a summary of our main re-
sults on the electronic structure of few-layer and bulk
Cr2Ge2Te6, comparing the GGA + U approach with the
hybrid-functional one. Exchange couplings and magneto-
crystalline anisotropy are reported in Sect. IV. A sum-
mary of our main findings and a brief set of conclusions
are finally presented in Sect. V.
II. THEORETICAL APPROACH
In this Article, we study the electronic and mag-
netic properties of the transition metal trichalcogenide
Cr2Ge2Te6 in its monolayer, bilayer, and bulk forms.
In Sect. II A, which can be skipped by uninterested
readers, we discuss the computational tools we have used.
In Sect. II B we present geometric and structural details.
A. Computational details
We carry out DFT calculations by using the Quantum
Espresso (QE)87,88 and CRYSTAL1489 codes, which
use plane waves and atom-centered (Gaussian) basis sets,
respectively.
For the calculations with QE we use the SG15 Opti-
mized Norm-Conserving Vanderbilt (ONCV) pseudopo-
tentials90–92, generated by taking into account both the
scalar- and fully-relativistic potentials, in order to turn
off/on the contribution from spin-orbit coupling (SOC).
The pseudopotentials include also the semi-core states
and their valence configurations are: 3s2, 3p6, 4s2, 3d4
for Cr; 4d10, 5s2, 5p4 for Te; and 3d10, 4s2, 4p2 for Ge.
We use an energy cutoff up to 70 Ry for all the calcula-
tions. For the BZ integrations we employed a Marzari-
Vanderbilt smearing93 of 10−4 Ry with a Monkhorst-
Pack (MP)94 k-point grid with 6 × 6 × 6 (12 × 12 × 12)
points for self-consistent calculations of the charge den-
sity (density of states) for the bulk crystal, while for the
few-layer crystals we adopt a grid with 8 × 8 (16 × 16)
3points for self-consistent calculations of the charge den-
sity (density of states). For the calculations with CRYS-
TAL14 we used a 86-411d41 Gaussian all-electron basis
set95 with 24 valence electrons for Cr and a double-zeta
basis set with an effective core pseudo-potential (m-cc-
pVDZ-PP)96 with 24 valence electrons for Te and 22 va-
lence electrons for Ge. The charge density integrations
over the BZ are performed using a uniform 12× 12× 12
(12×12) MP k-point grid for bulk (few-layer) Cr2Ge2Te6,
respectively. When we use a super-cell, we scale the MP
grid size to assure the same accuracy as in the single-cell
calculations.
The xc potential is treated in the spGGA, as
parametrized by the Perdew-Burke-Ernzerhof (PBE) for-
mula97, with the van der Waals (vdW)-D2 correction
proposed by Grimme98. In order to improve the de-
scription of the semi-filled 3d orbitals of the Cr atoms,
we adopt both the GGA + U scheme72,74,75 and the
HSE0699 hybrid xc functional, which mixes the PBE ex-
change with 25% of the exact nonlocal HF exchange.
This allows us to compare results obtained with differ-
ent approaches, pointing out an evident criticality of the
GGA+U method for the material of interest, as discussed
below. As anticipated in Sect. I, the Hubbard-U param-
eter is an intrinsic response property of the material. We
calculate it self-consistently in the spin-polarized case,
following the linear response approach of Refs. 72, 74, and
75. For bulk Cr2Ge2Te6 we find a self-consistent value
of U given by Usc ≡ 3.9 eV. We use this value for all
the few-layer crystals under investigation (i.e. monolayer
and bilayer Cr2Ge2Te6) because we have checked that
Usc changes slightly with the number of layers. We also
employ U = Usc for the GGA + U non-collinear calcu-
lations, which include SOC. Finally, we also study the
electronic properties, with and without SOC, by varying
the value of the Hubbard-U parameter in the range of
0 < U ≤ Usc = 3.9, as explained below.
In order to evaluate fully-relativistic electronic band
structures with the HSE06 hybrid functional we used
the Wannier90100 code. In fact, it is not possible
to calculate them directly from QE due to the heavy
computational cost, and SOC is not yet implemented
in the CRYSTAL14 code. The Wannier90 code al-
lows us to overcome this problem interpolating the elec-
tronic band structure using Maximally-Localized Wan-
nier Functions (MLWFs)101,102 extracted from the DFT
calculations with QE. As starting guess for the “Wan-
nierisation” procedure, we project the Bloch states onto
trial localised atomic-like orbitals: d-orbitals for the Cr
atoms, p-orbitals for Te atoms, and pz-orbital for Ge
atoms. We made this choice analysing the composition of
the density of states around the Fermi energy, as shown
in Figs. 2, 3, and 4.
We use CRYSTAL14 to calculate the exchange cou-
pling parameters to reduce the computational cost due to
the size of the super-cell and therefore the high number
of atoms. This code was especially useful for the calcu-
lation of the exchange couplings with the HSE06 hybrid
functional. We have been able to switch from QE to
CRYSTAL14 after testing the consistency of the results
with both codes, comparing electronic band structures
and relaxed atomic positions.
We use the VESTA103 and Xcrysden104 codes to vi-
sualize the geometrical structure and BZs, and to pro-
duce the plots in Fig. 1.
B. Geometrical structure
Bulk Cr2Ge2Te6 forms a layered structure with mono-
layers separated by a vdW gap—see Fig. 1a). Each
monolayer—Fig. 1c)—is formed by edge-sharing CrTe6
octahedra where the Ge pairs are located in the hollow
sites formed by the octahedra honeycomb. The layers are
ABC-stacked, resulting in a rhombohedral R3 symmetry
(space group number 148), as shown in Fig. 1a), with ex-
perimental lattice constants64,65 a = b = c = 7.907 A˚.
This structure can also be described as ABC-stacked
hexagonal crystal cells with experimental lattice con-
stants a′ = b′ = 6.8275 A˚ and c′ = 20.5619 A˚.
Bilayer Cr2Ge2Te6 is formed by two AB-stacked
monolayers—see Fig. 1g).
In Figs 1b) and 1d) we report the bulk and few-layer
Brillouin Zones (BZs)105,106, respectively.
We adopt the experimental rhombohedral unit cell for
the calculation of the bulk properties, while for the mono-
layer and bilayer we use the hexagonal unit cell shown in
Fig. 1c). To simulate the monolayer (bilayer) forms, we
consider a super-cell with about 15 A˚ (22 A˚) of vacuum
along the zˆ-direction between periodic images.
We optimize the geometrical structures relaxing only
the atomic positions until the components of all the forces
on the ions are less than 10−3 Ry/Bohr, while we keep
fixed the lattice parameters. Relaxation of the atomic po-
sitions has been carried out in the ferromagnetic phase.
In Table I we report the irriducible set of atomic coordi-
nates and the main atomic distances and angles of both
experimental64,65 and optimized structures.
In order to disentangle the effect of the structure from
that of magnetism, all calculations below use the atomic
coordinates calculated with the spGGA. As can be seen
in Table I, the effect of nonlocal exchange interactions on
the crystal structure is, anyway, small.
III. ELECTRONIC STRUCTURE
In this Section we present our main results for the elec-
tronic band structures of monolayer, bilayer, and bulk
Cr2Ge2Te6.
In Figs. 2, 3, and 4, we report the relativistic band
structure of monolayer, bilayer, and bulk Cr2Ge2Te6,
respectively. Results obtained in the GGA + U ap-
proximation are compared with those obtained with the
HSE06 hybrid functional. As anticipated in Sect. II A,
the GGA + U results have been obtained by using the
4b*
c*
a*
a) b) c)
d)
e) f)
g) h)
FIG. 1. (Color online) a) Crystalline structure of bulk Cr2Ge2Te6. Different colors refer to different atomic species. In black,
the rhombohedral unit cell. b) The corresponding Brillouin zone with the high-symmetry points used for the calculation of the
electronic band structure105,106. c) Top view of monolayer Cr2Ge2Te6. The shaded region denotes the unit cell. Notice the
hexagonal sublattice formed by the Cr atoms (red). d) The corresponding Brillouin zone. e) Intra-layer exchange couplings
between Cr atoms (orange and red refer to inequivalent atoms): J1 denotes coupling between nearest-neighbor atoms; J2
denotes coupling between second-neighbor atoms; J3 denotes coupling between third-neighbor atoms. f) Inter-layer exchange
couplings: Jz1 (nearest-neighbor coupling), Jz2 (coupling between second-neighbor atoms), and Jz3 (coupling between third-
neighbor atoms atoms). g) Top view of the Cr sublattices in AB-stacked bilayer Cr2Ge2Te6. Orange: top layer. Black: bottom
layer. As explained in the main text, in this case two different second-neighbor exchange couplings, denoted by Ja2 and J
b
2 ,
exist. h) Atomic distribution of the magnetic moments in the ferromagnetic phase. Note that the magnetic moment of the Te
atom is smaller with respect to the one of the Cr atom, and oppositely oriented. The vectors are parallel to the easy magnetic
axis—see Sect. IV. The magnetic moment of the Ge atom is not shown because it is too small compared to the magnetic
moments of the other atoms. The length of the vectors is not to scale.
self-consistently-calculated value of the Hubbard-U pa-
rameter, i.e. Usc = 3.9 eV. The opposite qualitative be-
havior resulting from the two methods is evident. In-
deed, the GGA + U approximation—see Figs. 2a), 3a),
and 4a)—leads to a metallic ground state. In stark con-
trast, the hybrid functional returns an insulating ground
state with an indirect band gap of Eg ∼ 0.69 eV for
monolayer Cr2Ge2Te6—see Fig. 2b)—Eg ∼ 0.57 eV for
bilayer Cr2Ge2Te6—see Fig. 3b)—and Eg ∼ 0.43 eV for
bulk Cr2Ge2Te6—see Fig. 4b). The calculated electronic
gap of the bulk crystal is comparable with recent ex-
perimental results based on angle-resolved photoemis-
sion spectroscopy107, which seem to indicate that bulk
Cr2Ge2Te6 at 50 K is a semiconductor with a gap E
exp
g
of at least 0.38 eV. A previous experiment108 based on
infrared transmission spectroscopy reported an optical
5TABLE I. Irriducible set of atomic coordinates (Wyckoff positions in fractions of the crystallographic cell lattice vectors), main
distances (in A˚), and angles (in degrees) for bulk Cr2Ge2Te6. We present both the experimental values (column labelled by
“Exp.”) and those obtained by relaxing the atomic coordinates (columns labelled by “spGGA” and “HSE06”, depending on the
used approximation)—see Sect. II B. We did not find any appreciable differences between the internal coordinates of monolayer,
bilayer, and bulk Cr2Ge2Te6.
Exp.64,65 spGGA HSE06
x y z x y z x y z
Cr-18(f) 0.0 0.0 0.3302 0.0 0.0 0.3343 0.0 0.0 0.3341
Ge-6(c) 0.0 0.0 0.059 0.0 0.0 0.0585 0.0 0.0 0.0577
Te-6(c) 0.663 -0.033 0.2482 0.6692 -0.0386 0.2492 0.6690 -0.0334 0.2487
Cr-Te (A˚) 2.749 2.7629 2.7802
θCr−Te−Cr (deg) 91.6 91.081 90.326
Cr-Cr (A˚) 3.942 3.942 3.942
Ge-Ge (A˚) 2.459 2.4054 2.3723
Te-Ge (A˚) 2.578 2.6022 2.5721
vdW gap (A˚) 3.353 3.395 3.374
gap of ∼ 0.74 eV at T = 292 K. Since this study was
carried out at T  TC ∼ 60 K, it does not help us in
choosing the best xc functional to describe the ferromag-
netic phase. To the best of our knowledge, Ref. 107 is the
only experimental guidance we have at the present stage,
as optical studies (sensitive to the gap size) of few-layer
Cr2Ge2Te6 in the ferromagnetic phase are currently un-
available.
Looking at the few-layer band structures in Figs. 2
and 3, we observe that the valence band maximum
(VBM) is at the Γ point and the conduction band min-
imum (CBM) is located on the path that links the Γ
and K high-symmetry points. In the bulk case, instead,
we see from Fig. 4 that the CMB lies on the path that
links the T and H0 high-symmetry points. The density of
states (DOS) projected onto the atomic orbitals is also
plotted in Figs. 2-4. Our results for the DOS demon-
strate that the main contribution to the electronic bands
near the Fermi energy comes from the Cr 3d and Te 5p
orbitals, pointing out a strong hybridization between the
Cr and Te orbitals. In fact, the Te atoms have a fun-
damental role in stabilizing the ferromagnetic phase of
Cr2Ge2Te6 because they mediate super-exchange inter-
actions in the Cr-Te-Cr bonds, as per the Goodenough-
Kanamori rule109,110. The DOS analysis shows also a
small contribution from the Ge 4p orbitals near the Fermi
energy.
In Fig. 5 we show the relativistic band structure ob-
tained in the GGA + U approximation, for different val-
ues of 0 ≤ U < Usc. We note that the gap decreases with
increasing U . We ascribe this behavior to the strong hy-
bridization between the Cr and Te atoms, which leads
to delocalized eg states. These are not as sensitive as
the other d states from the Cr atoms to the application
of the Hubbard-U , due to their extended rather than
atomic-like nature111. This is why we have used the
HSE06 hybrid functional, which naturally takes into ac-
count nonlocal exchange interactions between all orbitals
(and not only between the 3d orbitals of Cr atoms). By
carrying out spin-polarized non-relativistic calculations,
we have checked that HSE06 hybrid functional endows
the VBM and CBM with spin-up character, differently
from what happens in the spGGA. We conclude that the
application of a scissor operator to open the gap leads
to wrong electronic and optical properties59. The calcu-
lated scalar-relativistic electronic gap for bulk Cr2Ge2Te6
is Eg ∼ 0.73 eV, which is, as expected, larger than the
one calculated with the inclusion of SOC. Finally, we
note that the hybridization between the Cr 3d and Te 5p
orbitals, which leads to the failure of the GGA + U ap-
proximation, is less evident in few-layer Cr2Ge2Te6 than
in the bulk crystal.
We now discuss about magnetism. With the HSE06
functional and in bulk Cr2Ge2Te6 the ferromagnetic state
has lower energy than the paramagnetic one, the energy
difference being of ∼ 3.5 eV/Cr. Moreover, the ferro-
magnetic state is more stable than all the other anti-
ferromagnetic configurations by at least ∼ 0.5 meV/Cr
in the same approximation. In the GGA + U approx-
imation, the magnetic properties of bilayer and bulk
Cr2Ge2Te6, especially the interlayer exchange couplings,
vary strongly with U . In fact, for small values of U , the
ground state remains ferromagnetic, while for U & 1.5 eV
bilayer and bulk Cr2Ge2Te6 become antiferromagnetic,
with oppositely-oriented magnetic moments in alternat-
ing layers60. This is in stark contrast with the experi-
mental observations6. Monolayer Cr2Ge2Te6 remains in
a ferromagnetic ground state for 1.5 eV . U ≤ Usc,
despite its exchange couplings greatly vary with U . In
Fig. 1h) we report a pictorial representation of the mag-
netic moments, while in Table II we summarize the values
of the magnetic moments, as obtained by carrying out
spin-polarized calculations—with the HSE06 functional
and in the GGA+Usc approximation—for all the systems
under study. The magnetic moments change slightly with
the inclusion of SOC. As we will discuss in Sect. IV, in
bilayer Cr2Ge2Te6 we observe two inequivalent Cr atoms
6in the unit cell, in one layer.
IV. EXCHANGE COUPLINGS AND
MAGNETO-CRYSTALLINE ANISOTROPY
According to the Mermin-Wagner theorem112, ther-
mal fluctuations in 2D systems imply the impossibility of
long-range magnetic order. A way to bypass the theorem
and explain the discovery of 2D magnetic materials6,9 is
to recognize the presence of a large magneto-crystalline
anisotropy. The latter lifts the invariance under rota-
tions, an hypothesis of the Mermin-Wagner theorem.
Electron spin resonance and ferromagnetic resonance
measurements have been carried out in bulk Cr2Ge2Te6
over a wide frequency and temperature range113–116,
revealing the development of 2D spin correlations in
the vicinity of TC and proving the intrinsically low-
dimensional character of spin dynamics in this material.
Such experiments returned a MAE of ∼ 50-90 µeV/Cr,
which is on the same order of what estimated in Ref. 6
for bulk Cr2Ge2Te6.
In order to understand the microscopic properties of
magnetic materials it is crucial to derive an effective spin
model. In the case of localized magnetic moments, the
Heisenberg spin Hamiltonian can be used. The total
Hamiltonian is the sum a non-magnetic part and a mag-
netic part, which has the form
Hˆspin =
∑
i<j
JijSˆi · Sˆj +
∑
i
AiSˆ
2
iz . (1)
The first term on the right-hand side of Eq. (1) is the
rotationally-invariant Heisenberg Hamiltonian with ex-
change couplings Jij and the sums over i < j run
over all the Cr pairs without double counting. The
second term is the magneto-crystalline anisotropy en-
ergy (MAE), with the sum over i running over all the
TABLE II. Atomic magnetic moments (in units of the Bohr
magneton µB) obtained with the HSE06 functional and the
GGA + U approximation (U = Usc = 3.9 eV) for monolayer,
bilayer, and bulk Cr2Ge2Te6. Bilayer Cr2Ge2Te6 presents
two inequivalent Cr atoms, Cra and Crb—see Fig. 1g) and
Sect. IV. The magnetic moments lie along the easy-axis.
HSE06 GGA + Usc
Monolayer
Cr 3.353 3.645
Ge 0.028 0.014
Te -0.121 -0.167
Bilayer
Cra 3.355 3.662
Crb 3.361 3.667
Ge 0.029 0.013
Te -0.123 -0.165
Bulk
Cr 3.378 3.698
Ge 0.027 0.013
Te -0.124 -0.169
Cr sites. The Dzyaloshinski-Moriya interaction term,∑
i<jDij · (Sˆi × Sˆj), is absent in Eq. (1) due to the
existence of an inversion center between the Cr ions119.
The MAE originates from SOC117,118, and is therefore
a quantum effect of relativistic nature. It breaks the ro-
tational invariance with respect to the spin quantization
axis and is determined by the interaction between the
orbital state of a magnetic ion and the surrounding crys-
talline field. It can be calculated6,58,118 by looking at the
total energy difference—obtained through self-consistent
calculations in the presence of SOC—between the config-
uration with all spins perpendicular to the layer (along
the zˆ direction) and that with all spins parallel to the
layer (along the xˆ or yˆ directions). A positive (negative)
sign of the MAE means that the system is an easy-plane
(easy-axis) ferromagnet.
As anticipated in Sect. I, an accurate method to calcu-
late the exchange couplings for small-gap semiconductors
and metals is the FSMA approach84–86. The FSMA ap-
proach considers one specific magnetic pair at a time in
a super-cell. Without loss of generality, the energy can
be written as
E =Espin + E0 =
=J12S1 · S2 + S1 ·K1 + S2 ·K2 + Eothers + E0 ,
(2)
where Espin and E0 represent the magnetic and non-
magnetic energies, respectively. Here, J12S1 · S2 is the
exchange coupling between sites 1 and 2, while Si ·Ki
represents the coupling between site i and the all the
magnetic sites different from 1 and 2. Finally, Eothers
represents the contribution to the energy stemming from
the interaction between sites 1 and 2 and all the other
non-magnetic sites. Consider the following collinear spin
states:
State S1 S2
1 (0,0,S) (0,0,S)
2 (0,0,S) (0,0,-S)
3 (0,0,-S) (0,0,S)
4 (0,0,-S) (0,0,-S)
The other spin states are kept fixed, according to the
ground-state spin configuration. Using Eq. (2), we can
write the energies of the four states as following:
E1 = E0 + J12S
2 + S1 ·K1 + S2 ·K2 ,
E2 = E0 − J12S2 + S1 ·K1 − S2 ·K2 ,
E3 = E0 − J12S2 − S1 ·K1 + S2 ·K2 ,
E4 = E0 + J12S
2 + S1 ·K1 − S2 ·K2 .
The solution of this system leads to the equality
J12 =
E1 − E2 − E3 + E4
4S2
. (3)
The FSMA method is accurate when the super-cell
used for the calculations is large enough. We monitor
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FIG. 2. (Color online) Relativistic band structure and projected density of states (DOS) of monolayer Cr2Ge2Te6 in the
ferromagnetic state. Panel a) Results obtained from the GGA + U approximation (U = Usc = 3.9 eV). Panel b) Results
obtained from the HSE06 hybrid functional. In the DOS panels, colors refer to the DOS as projected onto the atomic orbitals
of the various atoms (as in Fig. 1): Cr-3d (red), Ge-4p (blue), and Te-5p (green). The HSE06 hybrid functional yields an
insulating ferromagnetic state with an indirect gap Eg ∼ 0.69 eV.
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FIG. 3. (Color online) Same as in Fig. 2 but for bilayer Cr2Ge2Te6. The HSE06 hybrid functional yields an insulating
ferromagnetic state with an indirect gap of 0.57 eV.
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FIG. 4. (Color online) Same as in Figs. 2-3 but for bulk Cr2Ge2Te6. The HSE06 hybrid functional yields an insulating
ferromagnetic state with an indirect gap of 0.43 eV. This compares well with the only available experimental result107,
Eexpg = 0.38 eV.
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FIG. 5. (Color online) Relativistic band structure and projected density of states (DOS) of bulk Cr2Ge2Te6 in the ferromagnetic
state in the GGA + U approximation. Different panels refer to different values of the Hubbard-U parameter: a) U = 0.0 eV,
b) U = 0.5 eV, c) U = 1.0 eV, and d) U = 1.5 eV. In the DOS panels, colors refer to the DOS as projected onto the atomic
orbitals of the various atoms (as in Figs. 1-4): Cr-3d (red), Ge-4p (blue), and Te-5p (green). Note that the electronic band
gap decreases with increasing U . The contribution of the Te-5p orbitals does not change with U while the contribution of the
Cr-3d orbitals decreases with increasing U near the Fermi energy, due to a progressively weaker hybridization with the Te-5p
orbitals.
9the accuracy by using a convergence test with respect to
the super-cell size. In Fig. 6 we show the convergence of
the intra-layer exchange coupling parameters Ji, depicted
in Fig. 1e), with the size of the super-cell for monolayer
Cr2Ge2Te6. We clearly see that we need at least a 3× 3
(3 × 3 × 1) supercell for monolayer (bulk) Cr2Ge2Te6
to have converged results. This implies that the results
reported in Refs. 6, 45, and 58 for the exchange cou-
plings are not converged. In particular, we see that the
coupling J2 between second neighbors changes character
from anti-ferromagnetic to ferromagnetic if we choose a
3× 3 supercell instead of a 2× 2 or a 2√3× 2 supercell,
see Fig. 6b).
In Table III we present a summary of our results (in
black) and the comparison with existing calculations (in
red). All the exchange couplings have been calculated
with the FSMA approach. The only exception is the
row in Table III labeled by “spGGA′”. Results in this
row have been calculated with the FM-AFM method (see
Sect. I) with the only aim of pointing out how much
these differ from the ones calculated with the FSMA, in
the same approximation (spGGA) for the xc functional.
Note that, for monolayer and bilayer Cr2Ge2Te6, the sign
of the MAE calculated in the spGGA (MAE > 0) is oppo-
site to that calculated with the HSE06 hybrid functional
(MAE < 0). For all the calculations and the compar-
isons with the literature we use S = 3/2, as justified by
the atomic magnetic moments reported in Table II.
Following Ref. 50 and taking into account only the
largest exchange coupling (i.e. J1) and the MAE, we esti-
mate the Curie temperature TC. We find: TC ∼ 34 K for
monolayer Cr2Ge2Te6; TC ∼ 40 K for bilayer Cr2Ge2Te6;
and TC ∼ 48 K for bulk Cr2Ge2Te6. The trend of TC with
respect to the number of layer is in qualitative agreement
with the experimental results of Ref. 6. The results for Ji,
MAE, and TC emphasize a strong dimensionality effect,
in agreement with the experimental behaviors6.
We finally note that bilayer Cr2Ge2Te6 presents a par-
ticular magnetic structure resulting from the lack of the
ABC-stacking configuration and periodicity along the zˆ
direction. Indeed, in AB-stacked bilayer Cr2Ge2Te6 we
can identify two inequivalent Cr atoms in the unit cell—
see Fig. 1g). With reference to this figure, we clearly
see that in the top layer (orange) there are Cr atoms
which have another Cr atom underneath in the bottom
layer (black)—these Cr atoms are label by the letter
“a” in blue in Fig. 1g)—while there are other Cr atoms,
which do not have a Cr partner underneath in the bot-
tom layer—these Cr atoms are label by the letter “b” in
green in Fig. 1g). In Table III we report the calculated
values of the two associated second-neighbor exchange
couplings, Ja2 6= Jb2 . Note that the inter-layer couplings
affect the interaction between these two inequivalent Cr
atoms. This is evident if we compare the results ob-
tained with the spGGA and HSE06 functionals. In fact,
the spGGA overestimates the inter-layer couplings, re-
sulting in a vanishing Jb2 . In contrast, smaller inter-layer
couplings, extracted from the HSE06 functional, lead to
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FIG. 6. (Color online) Convergence of the intra-layer ex-
change coupling parameters Ji with the size of the super-cell.
Results in this figure refer to monolayer Cr2Ge2Te6 and have
been obtained in the spGGA. The horizontal thin lines denote
the converged values reported in Table III (spGGA). The ver-
tical dashed lines denote the values of the super-cell size used
in the literature6,45,58.
two different but comparable second-neighbor exchange
couplings Ja2 and J
b
2 . In the bulk crystal the equiva-
lence between the two Cr atoms is restored and we find
Ja2 = J
b
2 = J2.
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TABLE III. (Color online) Exchange couplings Ji and magneto-crystalline anisotropy energy (MAE) for monolayer, bilayer,
and bulk Cr2Ge2Te6. In black: results obtained in this work. Different rows refer to different approximations (see main text).
In red: results available in the cited literature. (If a cell is empty it means that the corresponding result was not found in the
literature.) All the exchange couplings have been calculated with the FSMA approach (see Sect. IV). The only exception is the
row labeled by “spGGA′”, which presents results calculated with the FM-AFM method (see Sect. I).
Monolayer
J1(meV) J2(meV) J3(meV) MAE (µeV/Cr)
spGGA -5.577 -0.046 -0.484 62
spGGA′ -10.485 0.344 -0.678 62
HSE06 -6.236 -0.083 -0.268 -80
Xu201845 -6.64 250
Li201455 -5.18
Sivadas201556 -3.68 0.39 0.43
Zhuang201557 -3.07 -220
Fang201859 -5.662 0.040 -0.129 -107
Dong201961 -6.7 -320
Bilayer
J1(meV) J
a
2/J
b
2 (meV) J3(meV) Jz1(meV) Jz2(meV) Jz3(meV) MAE (µeV/ Cr)
spGGA -5.694 -0.0429/-0.001 -0.629 -0.096 -0.024 -0.365 40
HSE06 -6.399 -0.096/-0.076 -0.432 -0.017 0.196 -0.199 -140
Fang201859 -6.338 0.209 -0.475 -0.177 -274
Bulk
J1(meV) J2(meV) J3(meV) Jz1(meV) Jz2(meV) Jz3(meV) MAE (µeV/ Cr)
spGGA -5.755 -0.028 -0.450 -0.1097 -0.043 -0.359 -80
HSE06 -6.607 -0.083 -0.627 -0.010 0.190 -0.225 -260
Gong20176,58 -3.76 0.08 -0.16 0.05 -0.12 -0.38 -50
Fang201859 -6.995 0.346 -0.773 -0.480 -471
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V. SUMMARY AND CONCLUSIONS
In summary, in this Article we have reported on a
comparative density functional theory study of the elec-
tronic and magnetic properties of the recently discovered
atomically-thin magnetic material Cr2Ge2Te6.
We have clearly shown that the often-used LDA + U
and GGA + U approaches fail in predicting the ground-
state properties of this material in both its monolayer
and bilayer forms, and even more spectacularly in its bulk
form. According to these approaches, Cr2Ge2Te6 should
have a metallic ground state, with its magnetic proper-
ties strongly depending on the number of layers and the
values of the Hubbard-U parameter used, including the
self-consistently-calculated one, Usc = 3.9 eV for the bulk
crystal. On the contrary, the use of the HSE06 hybrid
functional, which naturally takes into account nonlocal
exchange interactions between all orbitals (and not only
between the d orbitals of Cr), yields an insulating fer-
romagnetic ground state—see Figs. 2-4—and an indirect
gap, which, for the case of bulk Cr2Ge2Te6, is compara-
ble with the one recently measured107 via angle-resolved
photo-emission spectroscopy.
Finally, we have calculated all the relevant exchange
couplings for monolayer, bilayer, and bulk Cr2Ge2Te6,
comparing results obtained via different methods and/or
super-cell size—see Table III. Using the four-state map-
ping analysis approach84–86, we have shown that the slow
convergence of the exchange couplings with the super-cell
size may be responsible for discrepancies in the litera-
ture6,45,58. Such a convergence check has been reported
in Fig. 6.
In the case of bilayer Cr2Ge2Te6, we have shown that
two distinct intra-layer second-neighbor exchange cou-
plings emerge—see the portion of Table III that concerns
bilayer Cr2Ge2Te6.
In the future, it would be interesting to study the
dependence of these results on doping, obtained via
the usual electrical field effect, plasmons, and plasmon-
magnon coupling in Cr2Ge2Te6 and other magnetic 2D
materials.
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